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Abstract

This paper considers a moral hazard problem in an infinite-horizon,
principal-agent framework characterized by limited commitment and
history-dependent reservation utilities. I prove existence and construct
a reduced equivalent representation of the problem that can be addressed
by numerical techniques. In computing the endogenous state space, I use
an innovative algorithm which does not rely on the convexity of the under-
lying set. Further on, I focus on the estimation of the dynamically optimal
compensation for US executives and find evidence that in the presence of
positive correlation between stock prices and reservation utilities, the con-
tract provides the CEO with insurance against bad outcomes, which ul-
timately smooths his/her consumption across (initial-history) states. Ex-
erting effort appears to be the predominant strategy for the principal, but
shirking may still be optimal when the agent is rich enough. The opti-
mal wage scheme and the future utility of the CEO tend to grow in both
his/her current utility and in the future realization of the stock price. The
agent’s utility weakly increases in the long run.
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1 Introduction

During the last years, there has been a revived interest in the theory of dynamic
contracting'. However, although most of the research incorporates some form of
limited commitment/enforcement, little has been done in terms of extending the
notion of commitment per se. In particular, there is no reason to believe that
the outside option is constant across the history of observables. For example, it
is unrealistic to treat the reservation utility of a CEO as fixed regardless of the
situation in his/her firm, industry, or the economy as a whole. The dependence
could come through many channels- externalities, different types of agents, a
certain structure of beliefs, but more importantly, it can significantly influence
the nature of the relationship and the form of the optimal contract. Moreover,
extending the notion of commitment can bring some important insights into
various contractual problems. For example, in order to address the wide use
of broad-based stock option plans, Oyer (2004) builds a simple 2-period model
where adjusting compensation is costly and employee’s outside opportunities
are correlated with the firm’s performance.

In this sense, what remains to be done is to generalize the notion of com-
mitment by defining the outside options on the history observed in a dynamic
contractual setting.

The current paper considers a moral hazard problem in an infinitely repeated
principal-agent interaction while allowing the reservation utilities of both par-
ties to vary across the history of observables. More precisely, to keep the model
tractable, the reservation utilities are assumed to depend on some finite trun-
cation of the publicly observed history. The rest of the model is standard in
the sense that the principal wants to implement some sequence of actions which
stochastically affect a variable of his/her interest, but suffers from the fact that
the actions are unobservable. For this purpose, the optimal contract needs to
provide the proper incentives for the agent to exercise the sequence of actions
suggested by the principal. The incentives, however, are restricted by the in-
ability of the parties to commit to a long-term relationship. It is here where the
dynamics of the reservation utilities enters the relationship by reshaping the set
of possible self-enforcing, incentive-compatible contracts.

In order to be able to characterize the optimal contract in such a setting,
I construct a reduced stationary representation of the model in line with the
dynamic insurance literature. The representation benefits from Green (1987)-
the notion of temporary incentive compatibility, Spear and Srivastava (1987)-
the recursive formulation of the problem with the agent’s expected discounted
utility taken as the state variable, and Phelan (1995)- the recursive structure
with limited commitment, but is closest to Wang (1997) as far as the recursive
form is concerned. Unlike Wang (1997), however, I formally introduce limited
commitment on both sides and provide a rigorous treatment of its effect on the

!See, for example, Fernandes and Phelan (2000), Ligon, Thomas and Worrall (2000), Wang
(2000), Phelan and Stacchetti (2001), Sleet and Yeltekin (2001), Ligon, Thomas and Worrall
(2002), Ray (2002), Thomas and Worrall (2002), Doepke and Townsend (2004), Jarque (2005).



structure of the reduced computable version of the model. A parallel research
by Aseff (2004) uses a similar general formulation®, but via a transformation
due to Grossman and Hart (1983) constructs a dual, cost-minimizing recursive
form closer to Phelan (1995) in order to solve for the optimal contract. Such a
procedure, however, exogenously imposes the optimality of a certain action on
every possible contingency.

After existence is proved, the general form of the model is reduced to a more
tractable, recursive form where the state is given by the agent’s (promised)
expected discounted utility. On a different dimension, the state space includes
the set of truncated initial price histories in order to account for their influence®
on the reservation utilities. This recursive formulation does not rely on the
first-order approach and is not based on Lagrange multipliers [cf. Marcet and
Marimon, (1998)]. In fact, all T need is continuity of the momentary utilities.
I first consider an auxiliary version where the participation of the principal
is not guaranteed. The solution of this problem can be computed through
standard dynamic programming methods once the state space is determined.
Following the approach of Abreu, Pearce and Stacchetti (1990), the state space
is shown to be the fixed point of a set operator and can be obtained through
successive iteration on this operator until convergence. Given the solution of
the auxiliary problem, I resort to a procedure outlined by Rustichini (1998)
in order to solve for the optimal incentive compatible, two-side participation
guaranteed supercontract. This is achieved by severely punishing the principal
for any violation of his/her participation constraint. The procedure allows of
recovering the subspace of agent’s expected discounted utilities supportable by
a self-enforcing incentive-compatible contract.

Regarding the numerical computation, one point deserves special attention.
In computing the endogenous state space we are iterating on sets and therefore
need to represent them efficiently. For the class of infinitely repeated games
with perfect monitoring, Judd, Yeltekin and Conklin (2003) are able to construct
inner and outer convex polytope approximations based on the convexification of
the equilibrium value set through a public randomization device. The algorithm
I use may be of independent interest since it does not rely on the convexity of
the underlying set. The main idea is to discretize the guess for the equilibrium
set elementwise, extract small open balls around the gridpoints unfeasible with
respect to the (non-updated) guess and use the remaining set, i.e. the guess less
the extracted intervals, as a new guess for the equilibrium set. The procedure
stops if the structure of the representations of two successive guesses coincides?
and the suitably defined difference between the representations is less than some
prespecified tolerance level.

The results suggest that with a loose upper bound on wages, the optimal con-
tract can support extremely high values for the expected discounted utility of the

2His benchmark model is a full-commitment one, but he considers limited commitment on
part of the agent as an extension.

3The relationship between price histories and reservation utilities is predetermined since
the reservation utilities are exogenous to the problem.

4Namely, if the representations have the same number of closed sets element by element.



CEO when the participation of the principal is not guaranteed. However, when
solving for the self-enforcing contract, these values naturally disappear since
they violate principal’s participation constraint. In case of positive correlation
between firm’s stock prices and agent’s reservation utilities, the minimum utility
the CEO can be promised for initial histories characterized by lower reservation
utility is boosted by higher reservation utilities for other states. This suggests
that the participation constraint of the agent does not bind in states character-
ized by low stock prices. In other words, the optimal contract provides the agent
with some insurance against bad outcomes, which ultimately smooths his/her
consumption across (initial history) states. Exerting effort appears to be the
predominant strategy for the principal, but shirking may still be optimal when
the agent is rich enough. The optimal wage scheme and the future utility of the
agent tend to grow in both current utility and in the future realization of the
stock price. The CEQ’s utility weakly increases in the long run. In particular,
agents who start rich tend to keep their utility level while those who start poor
get richer in time.

The rest of the paper is structured as follows. Section 2 presents the general
dynamic model. Section 3 derives the reduced recursive formulation. Section 4
explains the numerical algorithm at a practical level and discusses the results.
Section 5 concludes. Appendix 1 contains all the proofs. Appendix 2 presents
the results.

2 Dynamic model

The model considers a moral hazard problem in an infinite horizon principal-
agent framework with limited commitment on both sides. Before specifying it
formally, I introduce some notation.

Let Z denote the set of integers and define Z := Z U {400} as its two-point
compactification. Let Z4 := {2 € Z: 2z >0} and Z; := Z;, U{0} denote the
sets of positive and respectively nonnegative integers. Z__ and Z_ are defined
accordingly. Let y; denote the firm’s stock price in the end of period ¢, Vt € Z.
Then for Vt,7 € Z : t < 7, define 'y™ := (ys, Y441, ..., Y-) as the stream of prices
from period ¢ to period 7. For V¢t € Z__, let 'y := 'y~! and for V7 € Z_, let
y™ := %97, The set of possible stock prices is assumed a stationary, finite subset
of the nonnegative real line, namely Vt € Z, y; € Y := {y(l),_”)y(N)} C Ry,
where Y =Ya) < Y(2) <. < YN-1) < YNy = y with N € Z++\{1} and y < Y.
Henceforth, I adopt the convention that for VI' € Z, and an arbitrary set W,
wT .= £ W with W0 := (). For example, YT denotes the set of possible price

i=1
streams of length T periods.

The timing is as follows. At the beginning of each period 7 € Z,, af-
ter a particular stock-price history ~*°y”~! has been publicly observed, a con-
tract c, (_OoyT_l) = (aT (_OOyT_l) , Wr (_OOyT_l,Y)) is signed between a risk



neutral principal (staying for the firm’s shareholders)® and a risk-averse agent
(CEO). The contract specifies an action a, (_ooyT_l) to be implemented by
the agent. The action here stays for the level of effort the agent should ex-
ert on the job. To make the analysis tractable, the action is assumed one-
dimensional and the action space is taken compact, time and history invariant.
Formally, a. (T*y" ') € A, where A C R compact. Let a = min{A} and
a = max{A} and assume a < @. The contract also specifies a compensation
scheme w, (_OQyT_l, Y), under which the agent will receive a monetary payoff
w; (7Y™, y;) > w C R in the end of the period if the firm’s (end-of-period)
stock price is y,, Yy, € Y. After the contract is signed, the agent exercises ac-
tion a., (’oonyl). Then, y. is observed and the agent receives w. (*OOyT*I, yT).
At the beginning of period 7 + 1, contract ¢,;41 (T*°y") is signed and so on.

One can interpret the exogenous lower bound for the wage, w, as a minimum
wage, but in order to keep the analysis as general as possible I abstract from
imposing any specific restrictions on it.

While the agent’s action is unobservable by the principal, it influences the
realization of the stock price, but in a non-deterministic way. For V¢ € R,
Va, (YT e A x A, vyttt e YO x Y OVt € Zy, et
f(&la® (7>y'71) , 7> y'~!) be the probability that y; equals ¢ after a history
—°4*=1 has been observed and an action sequence a (_Ooyt_l) has been imple-
mented. Then, starting from any node we can construct the probability of any
future contingency by recursively applying Bayes’ rule.

In order to be able to introduce an efficiently computable form of the model,
I assume that f depends only on the action taken in the current period and each
stock price in the admissible set Y is reached with a strictly positive probability.

ASSUMPTION 1: For Va, (T>y'™!) € A, v=>y'~t € Y71 Vvt € Zy,
£ (at (1) 7 g = Cae (29 )), with 7 (yla (1) > 0,
Vy € Y, 7 (yla; ("®y'")) = 0 otherwise, and Y 7 (yla; (—>®y'™')) = 1.
yey
Moreover, for Yy € Y, 7 (y|.) is continuous on A.

The second part of the assumption is a regularity condition which is trivially
satisfied if A is finite.

Since the principal is risk-neutral, without loss of generality his/her (end-of-)
period- utility can be assumed equal to the firm’s stock price less the agent’s
compensation. He/she discounts the future by a factor 8p € (0,1). The agent’s
period utility function is assumed separable in monetary payoff and effort. More
specifically, after a history y” = (*OoyT’l,yT) has been observed, the agent’s
(end-of-) period utility is given by v (wT (’OOyT’l, yT)) —a, (*OOyT’l), where
v : R — R is assumed twice continuously differentiable with v’ (.) > 0 and
v (.) < 0. The agent discounts the future by a factor 54 € (0,1).

In the analysis so far, it was implicitly assumed that the agent exerts the
level of effort specified in the contract. However, this is not necessarily so, since

5No conflicts of interest are assumed between the firm’s shareholders and the principal.



if another action brings the agent strictly higher utility, he/she will find it prof-
itable to deviate. Therefore, the contract should provide the proper incentives
to the agent in order for him/her to exercise exactly the action recommended
by the principal.

Limited commitment is assumed on both parts in the sense that both the
principal and the agent can commit only to short-term (single-period) contracts.
This assumption is intended to reflect legal issues on the enforcement of long-
term contracts. However, at the initial period the principal can offer a long
term contract (a supercontract) that neither he/she, nor the agent would like
to renege on, and that would provide the necessary incentives for the agent to
exercise the sequence of actions proposed by the principal.

In order to introduce the issue of commitment, we should specify reser-
vation utilities for the agent and the principal. For V=371 € Y™ x Y7,
T € Zy, let V( YT 1), U (_‘X’yT_l) € R be the reservation utilities (in ex-
pected discounted terms) of the agent and respectively the principal after a
history ~>°37 1. Since it is not practical to define reservation utilities on infi-
nite histories, I make the following assumption.

ASSUMPTION 2: EIG €Ly :NTELy, VXY T L e YOoXYT 70yt = =0y
V(y ™) =V, [VV]C]R{andU(OO’T Y =U-, € [UU] CR,
WlthV(OO/T 1) VandU("o’T 1) Uifo=0.

The assumption says that the reservation utilities are finite-history depen-
dent, but time independent. Note that the history dependence is truncated to
the prices in last 6 periods for both the principal and the agent. This is done
for the purpose of simplifying the notation. If we have 0y # 0y, we can take
0 := 0y V 0y and the analysis will not change.®

Given Assumptions 1 and 2, nothing in the problem being solved by the
principal in period 0 depends on ~>°y~9~! the initial history before the pre-
vious @ stock price realizations. Therefore, it would be convenient to restrict
the possible initial histories to the ones contained in the set Y?. Henceforth, I
will refer to a general element of this set as a truncated history. For Vy—¢ €
Y let c-o, = (a-o,,w- ey), where a-o, = {{a; (TOy*7") 1y eYt}}:iO
and w-o, = {{w: (9" me)) : (v~ ,yt) € Y™ 1 x Y}}£2, are respec-
tively the plan of actlonb and the sequence of wages defined on any contin-
gency given an initial truncated history %y € Y?. Now, for V%71 ¢
by x YT, ¥Vr € Zy, V9% € Y? (define V, (cfeyfe yTﬁl) =

t

= ST T [ () o ()] T les (05 ) and

yweY yr€ =T

Ur (conyy ™y =SB S o 5 [oe—we () HW yilai (*7'71))

t=1 Y €Y yTeY

6The only gain of introducing 0y and 6y is in the case of 6y < Oy because then we can
define the operator T on YV instead of on YvVOU thus improving the efficiency of the
numerical estimation. However, since all the results are analogous, I prefer working with 6.



as the expected discounted utilities of the agent and respectively the princi-
pal at node ~fy71.

At time 0, after a truncated history ~%y € Y has been observed, the prin-
cipal is solving the following problem:

[PP]
Uf:;y = supUp (079y7—0 y) s.t.:

c-o,
a (YY) e A,V e Ty x Y Ve Zy (1)
Wy (_gyt) > w, V_eyt S _9y x Vit vt e 7 (2)

VO (Q—By,’u)fsyvie y) Z ‘/O (al,ey,’wfey,*e y) ,

Valo, cap (YT € AV T e Py x Y Ve Zy (3)
Ve (cooy, Py™ ) 2 Vo0, V% e PyxYT, VreZ, (4)
Ur (c-oy, Py™ 1) > U, V9 te PyxYT,VreZ, (5)

Constraint (1) guarantees that the action plan is admissible. (2) keeps the
wage schedule above its exogenously given lower bound. (3) is a period-0 in-
centive compatibility constraint requiring that the action plan of the principal
should make the agent weakly better off in terms of period-0 expected dis-
counted utility than any other sequence of admissible actions. Constraint (4) is
the participation constraint, which due to the limited commitment on part of
the agent should hold every period. Constraint (5) is required by the fact that
the principal cannot commit to a long-term contract and guarantees his/her
participation.

Let I'-o, := {c-0, : (1) — (5) hold} denote the set of constraints given an

initial truncated history ~%y.

ASSUMPTION 3: V0 e Y% T-o, #0.



3 Recursive Form

Proposition 1: Let (1), (2) hold after ~%y € Y? and w, (“y") <w, V%' €
Oy x Y vt € Z, for some w € R. Then, (3) <

VOt e yx YT, Vr e Zg,

Vi (a-oy,w-0,, Py 1) > V; (a',ey,wfey,_e yT_l> Valo, : ay (') € 4,

Voot e (79y,y771) XY T VtEeZy i t>T (6)

This proposition shows that incentive compatibility at an initial node ~%y is
equivalent to incentive compatibility at all the nodes following ~?y. The uniform
upper bound on the wage is introduced in order to guarantee the boundedness
of the discounted expected utility of the agent at every node.

Proposition 2: Let (1), (2) and (5) hold after ~°y € Y? and w; (%) <
w, V 0yt € Oy x Y VYt € Z,. Then, (3) &

vy le fyxYT, Vrez,,

—0 —1 —0 —1
V., (a,fey,’wfey, Yy’ ) >V: (afl—ey;w*"yv Y’ ) )

Va'_gy . a‘fr (—ooyf—l) c 147 a; (—ooyt—l) = ay (—ooyt—l) , v—ooyt—l c

(g y ) XY T V€ Ly it > T (7)

The proposition says that constraint (3) is equivalent to requiring that after
any history ~y™~! € ~®y x Y7, at any date 7 € Z, there is no profitable
deviation in the current period which will make the agent strictly better off
(in expected utility terms) given that he/she fully complies to the plan in the
future (Green (1987)’s temporary incentive compatibility). The uniform ceiling
on wages serves the same purpose as in Proposition 1.

Proposition 3: Let (1), (2) and (5) hold after some ~%y € Y?. Then for

V0t e Oy x Y vt e Zy, w(7%') <w, where w:= 1 (f’__ﬂgp —Q) +w
with m:= min 7 (yla).
- (y,a)EY x A (y| )

This proposition says that an admissible contract that guarantees the com-
mitment of the principal effectively binds the wage from above. Consequently,
the results of Propositions 1 and 2 apply to such a contract. In particular,



they are true for any contract in the constrained set I'-s,, of the problem [PP].
Finally, note that @ does not depend on the initial truncated history ~%y.

Take an arbitrary 7 € Z, and history ~%7~! ¢ Y%7 and let
{VIOP (0ym=1)1 .= {V € R : 3 (a,w)|(1),(2),(4),(5),(7) hold after a history
Oyl and V; (a,w,”%y""!) = V} be the set of admissible values for the ex-
pected discounted utility of the agent signing at date 7 after a history ~%y”~! an
incentive-compatible supercontract that guarantees both his/her participation
and that of the principal (an IC2P contract). For the purposes of estimation, we
introduce another set {V/CAP (Z0y7=1)} .= {V € R: 3 (a,w)|(1), (2), (4),(7)
hold after a history ~?y™~* and V; (a,w,”y™"1) = V}, where (2) stays for
wy (T € [w,w], V" € Py x Y+ Vt € Z, with W defined as in Propo-
sition 3. This set gives us the possible discounted utilities of the agent sign-
ing at date 7 after a history ~?y”~! an incentive-compatible contract that
guarantees the participation of the agent, but not that of the principal and
places a ceiling W on the agent’s salary at every node (an ICAP contract).
Note that by Proposition 3 and construction, ¥V~ %™"! ¢ Y7 vr ¢ Z,,
{VTIC2P (79y771)} c {VTICAP (79y771)}.

ForVV € {VTICQP (ﬂgyT*l)}, let {UTICQP (V,’G yT’l)} ={U eR:3(a,w)]
(1),(2),(4),(5),(7) hold after ~y™1 V;(a,w,y""') =V and
U, (a,w,*e yTﬁl) = U} be the set of possible values for the expected dis-
counted utility of the principal signing at node ~%y™~! at time 7 an IC2P
supercontract that would give the agent an initial expected discounted utility
of V. For VV € {VIAP (Z0ym=1)1 et {ULCAP (V,79y7=1)} be the corre-
sponding set (defined accordingly) in case the principal is signing an ICAP con-
tract instead. For VYV € {VIO2P (=047 1)} we have {UI9?F (V,70y 1)} C
{UTICAP (er yrq)}’ while for V € {VTICAP (79y771)} \ {VTICQP (79y771) },
{UI€F (V=0 y7=1)} is not defined.

Proposition 4: For i € {IC2P,ICAP}, we have: (a) {Vi (709" 1)} =
{Vi (792/)}’ V0l e YTx Py, Vr € Zy with {Vi (’Gy)} compact, V"% €
vl () wioe {Vi(T'yh)}, vt e YTx TPy, vr e Zy,
{Ui(vi=0y—1)} ={U" (V',"%y)} compact, V=09 € Y.

Part (a) of the proposition says that the sets of possible expected discounted
utility values for the agent signing an IC2P or ICAP contract are time invariant
and compact. Furthermore, the history dependence of these sets is restricted
only to the previous (as of signing) 6 stock price realizations. As part (b) indi-
cates, the results also apply to the set of possible expected discounted utilities of
the principal signing an IC2P or ICAP contract guaranteeing a particular initial
utility to the agent. For the sake of consistency, unless explicitly specified, any
of these sets will be regarded as after a truncated history ~%y € Y in period 0.

Proposition 5 (Eristence of an optimal contract): For ¥V~ € Y9,

3 (aizy,wizy) €T, s.t. U5, = U (atzy,wt*;y;@y).



The proposition establishes the existence of an optimal IC2P supercontract.
However, due to the complexity of the problem, the optimal contract cannot
be computed analytically. Therefore, I resort to numerical methods. First, the
original problem [PP] has to be given a computable representation. In the spirit
of Spear and Srivastava (1987), this is done by constructing a recursive version
of [PP] taking the agent’s expected discounted utility as a state variable. Up to
certain qualifications, this new formulation of the problem can be addressed by
dynamic programming routines.

Before introducing the recursive form, I establish some useful results regard-
ing the transition to the new state variable. Namely, I show that it does not
affect the optimal solution.

Fix =%y € Y’ By Proposition 4 (b) for YV € {VICF (7y)},
{UICQP (V,_‘9 y)} is compact and therefore, we can define U (V,_e y) =
max {U 1c2p (V,_G y)} as the maximum utility the principal can get by sign-
ing an IC2P supercontract offering V' to the agent. Furthermore, let U fgy =

sup U* (V,_e y)
Ve{VICZP(79y)}

i . —0 0 kk * _ * —0
Proposition 6: For V%9 €YY, U,ey = U,ey = ve{v}g%((—ey)}U (V7 y)

This proposition shows that the optimal solution is not affected by changing
the state variable. Namely, we get the same solution whether the principal
directly maximizes his/her utility given ~?y, or first finds the maximum utility
he/she can obtain by guaranteeing the agent certain initial utility and then
maximizes over the resulting set.

Let (USCB (X, Z),sup) denote the space of bounded upper semicontinu-
ous (usc) functions from X to Z endowed with the sup metric. Note that
(USCB ({VICAP (_ey)} ,R) 7sup) is not a complete metric space. Define
{VICAP} = {VICAP (_‘gy)},eyeye as the set of possible initial discounted util-
ities of the agent signing an ICAP contract ordered by initial history.
Since Y? is finite, this set inherits the properties of {VICAP (_ay)} estab-
lished in Proposition 4 (a). Then, for YU = {Ufey}f,,yeye with U-o, €
(USCB ({VICAP (_9y)} ,R) 7sup)7 V=9 € Y? define the operator T as fol-

lows: WV e {VIery 1), = {T, (U)(V—ey)}feyeye with
T-o, (U)(V_@ )= ~max {3y — w-o,, (V-0,,y) +
! C—ey(V—ey) yey
+BpU-ot1y,y (Vi -0y (Voo 9))Im (yla-oy (Vooy))}

s.t.
a—oy (ery) €A (8)

W-a, (V_ey,y) € w,w,Vyey 9)

10



Z[U (w_gy (V_ey’y)) T A=y (V"’y) +

yey

B4V -0y (V‘”y’y)]ﬂ' (y|a“’y (V‘”y)) 2
=z Z[U (w-oy (Vooy,9)) — a’o, (Voo ) +

+BaVy —ay (Vooy,y)lm (y|a',9y (V)) Vala, (Voo,) € A (10)

Z[U (w-oy (V-0y,9)) = a-ay, (V-0,) +

yeY
+B4Vy oy (V=0,,9)]7 (yla-o, (V-0,)) = V-0, (11)
Vi oy (Veoyoy) € {VIO4P (THy )} Wy e Y (12)

Here V. -0, (V,y) denotes the agent’s expected discounted utility tomorrow
given his/her expected discounted utility today (after a history ~%y) is V and
the stock price realization is y.

The use of max instead of sup in the definition of T is justified by the fact that
we are maximizing an usc function over a compact set. Constraints (8), (9), and
(10) are the stationary versions of (1), (2'), and (7) respectively. (11) is a promise
keeping constraint”, which guarantees the agent an expected discounted utility
of V_o, today. (12) is a consistency constraint requiring that the discounted
expected utility that the agent will get next period can be supported by an
ICAP supercontract. Note that (12) implies that Vi o, (V,y) > V_sna
VyeY.

For v% ¢ Y? and YVoe, € {VICAP (_("y)}, we have that
{UTCAP (V_6,,7%y)} is compact by Proposition 4(b). Then, we can define

ICAP*

U (ery,_‘g y) := max {UICAP (ery,_e y)} as the maximum utility the
principal can get by signing an ICAP supercontract offering V-0, to the agent.

For ¥V € {VIPAP} et 0" (v) = {U'7" (Vi 09)} |, bethe vee-
“oye
tor of these maximum utilities ordered by initial history. Next, I will show that
ICAP*

Y,y

U : {VICAP} — RN is the unique fixed point of the operator T' and can
obtained as the limit of successively iterating on T'. I start with a proposition
ICAP*

that establishes some useful properties of U

"It is referred to as a re-generation constraint in Spear and Srivastava (1987).

11



1cAP* ( _9

Proposition 7: V% € Y9 U , y) is usc and bounded on

{VICAP (70:(/) }

Note that these properties can directly be translated to U , say with
the sup metric over Y,

Proposition 8: T (UICAP*) —

The proposition says that U "M s a fixed point of the operator 7.
For the purposes of the next proposition, I introduce some additional nota-
tion. Let B (X, Z) denote the space of bounded functions from X to Z endowed

with the sup metric. For vu', u” €

{(USCB ({VICAP (_ay)} ,R) ,sup)},eyeye, define  p(U',U") =

= sup fi-e, (U',U"), where p—o,, (U, U") =
—0,ev0

_ / s —0 0

- sup U4, (V-0,) = U, (V-0,)|, ¥~% € Y. Note that both

Voo, {VICAP (<4}

suprema in the above definition are achieved.

Proposition 9: (a) T maps ({USC’B ({viear (_Qy)},R)},eyeyg ,u)
into itself; (b) T is a contraction mapping with modulus Bp in terms of the
metric u; (c) Let U e ({B ({VICAP (79y)},R)}_9yeys ,u) : T((}) =U.

~ 1CAP*
Then, T = U5 (@) vU e ({USCB({VIOAP ()} R)} .,y i),
N(T" (U),UICAP*) — 0, where T"(U) = T(T(..T(U)) for ¥n € Zy,
———

n—oo

n times

with TO (U) == U.

This proposition shows that the fixed point of T is unique and can be ob-
tained as a limit of successive iterations on 7. Consequently, we can use stan-
dard dynamic programming techniques in order to solve for the optimal ICAP
contract.

However, what we are ultimately interested in is solving for the optimal
IC2P contract. For this purpose, I resort again to dynamic programming using
a method outlined by Rustichini (1998).

First, I will introduce some notation. For V=% € Y? and Voo, €
{VICAP (Z0) 1 let T (Voo,,U,%y) := {c-o, (V-o,) : (8) — (12) hold af-
ter %y and U-ot1y, (V+ —oy (ery,y)) > U-o+1y,, Yy € Y} for some func-
tion U : {VICAPL — (RU{—oo})"". Additionally, let Ag (Voo,,U,%y) :=
Lr (Voo U %y) if U-o, (Voo,) > U-s, and Ag (V-o,, U, y) := 0 otherwise.
Denote by USCBA ({VI94P (=%y)} RU{—oc}) the space of usc, bounded
from above functions from X to Z. Then, for YU = {Ufey},eyeye

with U-s, € USCBA ({VICAP (_Gy)},RU{—oo}), V=9 ¢ Y? define
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the operator T as follows: vwoooe {vieary IOy =
{T » } ., where oo, (U) .,y i= =00 if Ag (Voo,, U, "y) =
0, and T , (U )( )= max  { X[y — w-e, (Vooy,y)+

Cfey(ery)E yey

AR (Vog, U ")

+B8pU-0+1y, (Vi —o, (Voo,,y))]m (yla-o, (V-0,))} otherwise.

This operator encompasses the lower bounds on the utility of the principal
in the form of additional constraints. The only difference with 7" is that in
case U is lower than the reservation utility of the principal today or at any
possible contingency tomorrow, T' becomes —oco. The idea is that any violation
of the constraints in this stationary framework is punished severely making the
contract in question non-optimal. What remains to be shown is that iterating
on this operator will indeed lead us to the optimal dynamic contract.

Proposition 10: T maps {USCBA ({VI¢AP (=9y)} RU {—oo})},ayeye
into itself.

For VV € {VICAP} let Do (V) := UICAP" (V) and Dy (V) := T (D),
Vi € Z . Note that by Proposition 10 and the fact that I'g (V 0,,U, 70 ) is com-
pact if mnon-empty for VV.e, € {VICAP ( 6’y) }, YU €
{USCBA ({VIC4F (=99)},RU {—oo})}fegeyg, V=0 € Y? (trivial), D; is well
defined on VICAP for Vi € Z, .

Proposition 11: (a) {Di};,c;, is a weakly decreasing sequence and
ADs € {USCBA({VIAF (Z0) L, RU{~00})} o cyo  Di (Voo "y) —
Do (V=0,,,7 %), VVoo, € {VICAP (Z0)} vy e Y?: (b) T (Do) = Doo; and
(¢) if AD" € {USCBA({VIAP (y)} RU{~00})} o ye : T(D) = DV,
then D' < Dy

This proposition says that if we start iterating on the operator T taking
UICAP™ a5 an initial guess, we will ultimately converge (pointwise) to Da, the
largest fixed point of T'. Next, I establish the relationship between U* and D,

In the subsequent analysis it will be wuseful to extend U* on

[VICAP}. For vV e {VICAF) ot T* (V) = {0 (V0,0 0) } with
—0ycy?o

U* (Voo %y) = U* (Voo %y) if Vo, € {VIO?P(“%)} with
U* (V_sy,*o y) := —o0 otherwise.

Proposition 12: T (ﬁ*) = U~

This proposition establishes that the extension of U* on
{VICAP (=99)} is a fixed point of 7. What remains to be shown is how to
recover U* from D.,. The next proposition gives the answer.

13



Proposition 13: For VV € {V/CAF} U (V) = Das (V).

The proposition provides a straight-forward method of solving for the opti-
mal IC2P supercontract. After we have found the optimal ICAP contract we
take it as an initial guess and start iterating on the operator T until conver-
gence is reached. Note that convergence here is pointwise and is meant to be
on RU {—oo}. After we have obtained the limit function D, we can recover
the set of possible values for the expected discounted utility of the agent signing
an IC2P contract by taking the subset of the domain of Do, on which the limit
function takes finite values. More precisely, for V=% € Y? we can restrict our-
selves only to values of D (.,7?y) above U-o,. Formally, {VIC2P (Z0y)} =
{V e {vICAP (Z%)} : D (V."%y) > U-0, }. Then, for VV € {VIOF (=0)},
we have U* (V;_Q y) =Dy (V,_a y)

However, note that the state space of the recursive problem constructed for
computing the optimal ICAP contract, {V/¢4F} is endogenous. Nevertheless,
it is the largest fixed point of a set operator and can be obtained through
successive iterations in a procedure introduced by Abreu, Pearce and Stacchetti
(1990).

Choose some V € R: V > gnaic/e {max {VICAP (_ey)}}, where the right
—oye

side of the inequality is well defined given {VICAP (_‘gy)} compact, V7% €
Y? and Y? finite. Note that given Assumption 3, [K,ey,f/} £ 0, vy
Y?. Then, for VW = {W-o,} , yo : Weay € R, V% € V7 let B(W) :
{Booy W)}, | with Booy (W) i={Voy € [V, V] 30y (Vo) = (8)-

N

m

0,

(11) and (12') hold}, where (12) is defined as V, o, (V-o,,y) € Wi,
{K#Hy r +oo) Vyey.

Proposition 14: (a) B ({V/94F}) = {VICAPL and (b) if IW C RN’ .
B(W) =W, then W C {VICAPY),

This proposition establishes that the set of agent’s expected discounted util-
ities supportable by an ICAP supercontract is the largest fixed point of B.

Proposition 15: Let Wy compact : {VICAP} Cc Wy C RN’ and
B(Wo) c Wo. Deﬁne Wi+1 = B(WZ) fOT‘ Vi € Z+. Then, Wi+1 c W,
Vi€ Zy and Wy := lim W,; = {VICAP}.

The proposition says that if we start iterating on B taking as an initial guess
some compact set Wy that contains both B (Wy) and {VI¢4P} we will ulti-
mately converge to the largest fixed point of the operator, { V/¢4”} . This is suf-
ficient for obtaining {V/“4”} since we can always take Wy = {W_ey}_gy cyo !

{Z—sy,‘//\v} C W—ey
more computationally efficient result exists.

C R with W-s, compact, v=9 € Y? However, an even
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Let us modify the operator B as follows. For VIW = {W’ey}*eyew :
Woo, € R, V09 € YO let B(W) = {Rey (W)} with B-o, (W) :=

—0ycy0
{Vee, € Wsy : 3o, (V=s,) : (8)-(11) and (12”) hold}, where (12”) is defined
as Vi o, (ery,y) € W79+1y,y Note that the operator B does not require
that the agent should commit to the contract. Namely, we do not impose a
constraint keeping the continuation values for the utility of the agent above
the lower bound given by the reservation utility. From a computational point of
view, we are increasing the efficiency since we are relaxing the set of constraints.

Proposition 16: Take Wy := {WO (*ey)} with Wy (%) =

—0ycy?®
{Kfey,‘/}}, V=09 € Y? and let WiH =B (Wz) for ¥Yi € Z,. Then, WiJrl -
Wi, Vi € Z4 and WOO = lim ,V[v/l = {VICAP}.

11— 00

This proposition outlines a practical way of obtaining {VI cap } Namely,

we start with the set { [K_gy, XA/] } ooy and iterate on the set operator B until
—ye
convergence in a properly defined sense is attained. Note that we can always

take V = ”1(@3;9

4 Computation and Results

The computation of the model starts with solving for {VICAP }, the set of
agent’s expected discounted utilities supportable by an ICAP contract. While
Proposition 16 gives the theoretical background for the estimation of {VI cap },

some caveats remain. In particular, B is a set operator and in order to apply
the iterative procedure in practice we need an efficient representation of the

sequence of sets {Wz} . For the class of infinitely repeated games with per-
1€EZ4

fect monitoring, Judd, Yeltekin and Conklin (2003) are able to construct inner
and outer convex polytope approximations based on the convexification of the
equilibrium value set through a public randomization device. Here, I follow a
more general approach which does not rely on assuming that {VI cap } is con-
vex or convexifying it by introducing public Argndomization.S The main idea is
to discretize the elements of the initial guess Wy and start extracting small open
intervals, the midpoints of which are unfeasible with respect to Wy. The extrac-
tion is done elementwise without updating the previous elements. In particular,

8Such a general approach is particularly useful in addressing extensions as for example
estimating the endogenous state space of agent’s expected discounted utilities supportable by
an ICAP stock option contract, because of the non-convexities inherent to the stock option
contract.
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I start from the discretization of the first® element of W), find the points that
cannot be supported by a one-period ICAP contract with a continuation utility
profile contained in Wy, i.e. the points of the discretization which are not in

By (Wg), and extract small open balls around these points. Next, I find the

gridpoints in the second element of WO which are unfeasible with respect to WO,
extract their small open neighborhoods and proceed in a similar fashion until
I cover all the elements of Wy. The remaining set, i.e. W less the extracted
intervals, becomes W7, our new guess for {VI cap } Given that Wy is a vector

of N? closed intervals in R, each of the NY elements of Wl will be a finite union
of closed intervals in R. In order to increase efficiency, intervals with length
less than some prespecified level are reduced to their midpoints. The procedure
stops if for each element of W; the number of closed intervals representing it
equals the respective number for the same!'” element in W;_; and, in addition,
the representation of Wi differs from the representation of Wi,l by less than
some prespecified tolerance level. In order to apply this stopping criterion, one
still needs to construct a measure for the difference between representations.
For this purpose, I find the difference in absolute terms between each endpoint
(minimum or maximum point) of each interval of each element of W; and W;_
respectively and take the maximum one to be the difference between the repre-
sentations of W; and W;_;. This difference is well defined given that the two
representations share the same structure, which is actually the first condition
of the stopping criterion.

Once {VI cap } is obtained, it is elementwise discretized and used as a state
space in the dynamic program for obtaining U 194" s outlined in Proposition 9.
At each iteration, the guess for U reart being defined only on the discretization
needs to be interpolated over the state space. Interpolation is also required in
the subsequent iterative procedure which uses UICAP* as an initial guess for U *,
the extension of U* on {VICAP .

Table 1 in Appendix 2 contains {VICAP }, the state space of the optimal
ICAP contract. The results are obtained by parameterizing the model in line
with the calibration of Aseff and Santos (2005). Namely, the set of possi-
ble stock prices Y = {y(l),y(g),y(g,)} = {0.55, 1.125, 1.7}, the action space
A ={a,a} = {0.1253, 0.1469}, the conditional probabilities 7 (y(l) |g) = 0.1508,
T (y(g) |Q) =0.8121, 7 (y(g) |g) =0.0371, 7 (y(1)|ﬁ) =0.1268, 7 (y(g) |E) =0.8082,
s (y(g) |E) = 0.065.!! I fix w = 0 and equalize the discount factors for the
agent and the principal 4 = Bp = 0.96. The period utility with no effort,
v (.) = +/(.), is as in Aseff (2004). Furthermore, I consider three different cases.

91 endow the set of possible initial histories Y'¢ with the lexicographic order and order the
elements of WO accordingly.

10Here, ‘same’ refers to the index of the element, i.e. to the initial history to which it
corresponds.

11 Aseff and Santos (2005) actually consider two conditional distributions over an interval of
possible stock option prices [0.55, 1.7]. In this numerical experiment, I concentrate the mass
of each distribution on 3 points of this interval: the minimum, middle, and maximum point.
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Case 1 follows the theoretical analysis in Section 2 to derive the uniform upper
bound for the wage w given the minimum reservation utility of the principal U.
Cases 2 and 3 still honor the upper bound for the wage w, but impose additional
restrictions on the agent’s period consumption.!? Case 2 bounds the wage by 7
at each contingency. It implicitly allows the agent to borrow up to 7 —y units of
consumption every period given a current stock price realization y. Case 3 im-
plicitly prevents the agent from borrowing. At each possible contingency, he/she
can consume no more than the current stock price realization. For case 1, I take
the upper bound for the initial guess V= 1’1(3}7)5;2
I analyze the case of § = 1, which encompasses § = 0 as a subcase. Then, I have
to deal with N? = 3 (initial history) states. I use the natural notation Y for
the state with initial history y;), i € {1,2,3}. I consider three possible values

for the reservation utility of the agent: L= Ul(%%;a =-3.6725, M = 0, H = -L.
Then, I analyze the more interesting case of nonnegative correlation between
initial histories and agent’s reservation utilities. This limits the number of pos-
sible combinations of reservation utility values across initial histories to 10. For
example, LMH, which stays for V' (y(l)) =L, K(y(z)) =MV (y(g)) = H, is
allowed while LHM is not. Note that KKK is equivalent to the case of 6 = 0 and
V =K, where Ke{L,M,H}. Each cell of Table 1, contains {VICAP} for a partic-
ular combination of reservation utility values (table rows) and a particular case
(table columns). In each cell, the left subcolumn corresponds to the intervals’
minimum points and the right - to the maximum points, while each subrow
corresponds to a particular initial history. For example, for LMH, (case) 1,
{VICAP (y4))} = [0.8275, 843.0178], {VI94F (y,))} = [0.8200, 843.0178],
{VICAP (y5))} = [3.6725, 843.0178].

The results suggest that for Vi € {1,2,3}, {VICAP (y(i))} is convex from
where come the single intervals in Table 1. However, this does not automatically
translate to the state space of the stock option contract, which is inherently
nonconvex. Note that at least for cases 1 and 2 the upper bound of {VI cap }
remains constant across initial histories and reservation utility combinations. In

fact, it equals the theoretical bound given the case: 2@=2 2@)-a

, where w is derived for U = 0.

T for case 1 and U1—/3A
for case 2. This means that wages can be high enough to support high expected
discounted utilities for the agent. Note, however, that {VICQP} C {VICAP}
and we lose high utility values in solving for U* as Figure 2 in Appendix 2
indicates. The reason is that the value function is decreasing in the upper
region of {VI4P} which results in violations of the principal’s participation
constraint for high utility values of the agent.

Figure 1 in Appendix 2 plots the value function of the auxiliary problem
UICAP™ (V;.) over the endogenous state space {VICAP ()} for LMH, case 1.
The left panel corresponds to an initial history y;), the middle - to y(2), and
the right - to y(3). While the value function may appear identical across initial
histories, this is not true numerically. The illusion comes from the large scale
of the graph necessitated by the extensive size of {VI cap ()} and the very low

12Cf. Wang (1997).
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values which U/CAP” (V;.) takes for V high enough. For this purpose, Figure 2
plots UICAP™ (V;.) over a small region of { V€4 ()} containing all the values
of {VI9?F())}. The big difference actually comes from the variation in the
agent’s minimum utility supportable by an ICAP contract. Namely, the higher
reservation utility of the agent for initial history y(3) cuts the maximum utility
the principal can get by signing the contract. The graph also suggests that
the value function is concave and monotonically decreasing. However, it is not
easy to generalize these properties. For example, Figure 3 plots U/¢AFP” (V) for
LLL, case 3. In this particular case, UIAF" (V') which actually coincides with
U* (V) fails to be monotonic.

Figure 2 also plots U* (V,.) over {VIC2P ()} As expected, the maximum
utility the principal can get by signing an ICAP contract exceeds the one re-
lated to the IC2P contract. Moreover, since the value function in the auxiliary
problem is decreasing on most of the domain, the subspace of agent’s expected
discounted utilities supportable by an IC2P contract is recovered by shrinking
{VICAP} from the right.

Regarding the characteristics of the optimal contract, the recommended ac-
tion is predominantly the high-effort one. However, especially when the initial
history is y(3), the low-effort action appears to be optimal in some utility re-
gions. A possible explanation is that the agent is so rich (remember that agent’s
reservation utility is higher at y3)) that the principal finds motivating him/her
to exert effort suboptimal. Figure 4 illustrates the relationship for initial his-
tory y;, LMH, case 3. There, shirking is optimal for sufficiently high current
utility values, i.e. when the agent is rich enough. In general, the agent’s utility
tomorrow increases in the end-of-period stock price realization (see Figure 8
for an illustration for initial history y), LMH, case 3). The trend is not so
clearly manifested if the initial history is y(s), i.e. if yesterday we observed the
highest possible price. If we keep the end-of-period stock price realization fixed,
tomorrow’s utility increases with the utility today (see, for example, Figure 7).
Once again, the trend is least pronounced for initial history y(s). As regards
the wage, it increases in current utility and demonstrates a slight upper trend
in the end-of-period stock prices (see Figures 5 and 6 respectively).

An interesting observation is that the minimum utility supportable by an
ICAP/IC2P contract for initial histories characterized by lower reservation util-
ity is boosted by higher reservation utilities for other states. This suggest that in
the presence of positive correlation between stock prices and reservation utilities,
the participation constraint of the agent does not bind in states characterized
by low stock prices. In other words, the ICAP /IC2P contract provides the agent
with some insurance against bad outcomes, which ultimately smooths his/her
consumption across (initial history) states. Finally, note that if the reservation
utility remains the same across some, but not all of the truncated initial histo-
ries, {VIC4F ()} is identical for the initial histories with the same reservation
utility. While this seems obvious for § < 1, longer history dependence will po-
tentially break the relation since the set of possible tomorrow’s histories will
depend on the history today.
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Table 2 in Appendix 2 shows the effect of changing the value of the minimum
reservation utility of the principal for LLL, case 1. Theoretically, we have that
increasing U decreases w, which in turn causes V to fall. Since the analysis
so far suggests that the theoretical upper bounds for agent’s utility can be
supported by an ICAP contract, the only effect of changing U comes from the
resulting change in the theoretical bound. Moreover, since the IC2P contract
cannot support agent’s utilities in the upper region of {VI cAP ()}7 the optimal
self-enforcing contract is not affected.

Figure 9 in Appendix 2 illustrates the development in time of the expected
discounted utility of the agent under the optimal contract given an initial his-
tory y(1), LMH, case 3. Each curve on the graph starts from a point Vy €

{VICAP (y(l))} and represents a “typical”!? path V100 (az(l),w;(l),y(l)). The

results suggest that in the long run the agent does not get poorer in utility
terms. In particular, CEOs who start rich tend to keep their utility level while
those who start poor get richer in time.

13Each depicted path is taken to be the mean of 100 independently generated paths which
are constructed following the transition and the policies of the optimal contract given the
initial condition (y(l), V()).
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5 Conclusion

This paper builds a framework for analyzing dynamic moral hazard problems
characterized by limited commitment and history-dependent reservation utili-
ties. I parameterize the model and compute the optimal contract under different
structural arrangements. I find evidence that in the presence of positive corre-
lation between stock prices and reservation utilities, the contract provides the
agent with insurance against bad outcomes, which ultimately smooths his/her
consumption across (initial history) states. Exerting effort appears to be the
predominant strategy for the principal, but shirking may still be optimal when
the agent is rich enough. The optimal wage scheme and the future utility of the
agent tend to grow in both his/her current utility and in the future realization
of the stock price. The agent’s utility weakly increases in the long run.
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APPENDIX 1

Proof of Proposition 1: It is trivial to show (6)=>(3). Just take 7 = 0. In
the other direction, let (3) hold, but assume that (6) is not satisfied, i.e. 37 € Z
and 7! € Y7 s.t. da’y, : a; (YY) € A, vyt e (Tly, ) x YT,
VteZy:t>T1andV; (a’_ey,w_gy7—9 Z77—1> >V, ( - 9y7_9 o — 1) By As-
sumption 1, for V7 € Z,, V09 1 € Py x Y7, we have that V; (w a,y" " 1):
:tzﬁ t—T Xe: E [ ( ( 0yt))_a —0 t 1 Hﬂ. yl‘at —0 1 1)) does

=T Yt Yr€
not depend on {a, (Tfy'7t): Pyt e “fyx Yt 1} Let a”,,
af (TOytY) = ap (T, VYt e (Tly, 7t x Y, Vt € Z+ it > 7 with
al (Y1) = a; (“%'"!) elsewhere. We have V; <a 0, W-ty, " ngl) =
Vr (a',g W0, eyT’l). Using the boundedness of v (.) and m(.) (given (1),

(2) and w (.) < w at every node), we obtain:

VO( —0y w*‘)ya_e y) =
t

=SS S o (e () —af ()] T el () +

t=0 Yt€Y yoEY i=0

+8% > 2V (a oy ! ?JPl) tl:[l” (yila? (7%y'~))

Yt— 1€Y yoeY

>V (a79y7w79y’70 y) s (A 1)

where the inequality follows from the construction of a’,’ey,
7 (a',gy,wfey,*e ﬂT’l) > V; (a-o,, w- ey ~0y7=1) and m > 0 by Assumption

1. Given that a”, is admissible after —% by construction, (A 1) contradicts
(3).m

Proof of Proposition 2: In order to show that (3) implies (7), just
note that by Proposition 1. (3)=-(6), and that (6)=-(7). In the other di-

rection, assume (7) holds at every node, but 3 an admissible plan a’,(x,y :

VO( “oy W0y, " y) >V (a',gy,wfsy > .We have VO( Al o)y Woooyy Y 1) =

— B Xl () Tk (Y)

t=0 yt€Y yo€eY

+ BTN LY Ve (a, coyr W=o0ysY )Hﬂ' yila; (°y"~')). The second

yr€Y yoeY
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term on the right-hand side can be made arbitrarily small by choosing T" big
enough (given the assumptions on 8,4, v, 4; (1), (2) and w(.) < W at every
node). Therefore, 3T" € Zy and an admissible plan a”, : af (T =
aé (—Gyt—l)’ V—Qyt—l c —Gy % Yt, YVt € Z+ it < T a// (—Oyt—l) =a (—Qyt—l),

Y Oyt—t Gfonyt,Vt€Z++:t>TandVO( %o, wey,(’y) >

Vo(a Oy W0y, ) Then, take 7 € Zy : 7 < T s.t. 370%™~ 1 € IyxyT:
al (TOym1) # a, (T )andﬂT'€Z++:T<T'§T:a’7'/(*0yT'*>7£
ar *9y7 for some ~ y -1 e ’ey x Y™ . If we define an admissible plan
aZ, iat(etl)z (7% ) “Oyt=1 ¢ "0y x Y, Vt € Z, \ {r}, and
ar (_eyT_l) =a, (Y1), vy e TyxYT by (T) at VYTt € fyxyT,

we have that V. (a,gy,wfey, GyT 1) > V; (a,gy,wfey,*e yT’l), vyl €

0

09y x YT from where V (a*, wfey,*e y) >V a',’gy,wfey,* y) Proceeding

y’
in this way we can eliminate all the deviations (note that 7 € Zy : 7 < T) to

get that 1 (afey,wfey ) > W ( oy wfey,_g y), i.e. a contradiction.Hl

_ Proof of Proposition 3: Fix 7 € Z; and ~%y"~! € %y x Y7. We have
iy:i > U: (a,w,”%y™"!) > U, where the first inequality follows from (1),
(2) and the properties of A, Y, 7, 8p and the second - from (5). Therefore,
U, (a,w,_e yT_l) is  bounded. Since Bp € (0,1) and y €

@,y] where y, ¥ € R, we have that Yo, =
> Bp

oo 1 y _
t:Tﬁ y%y y%yytn—ﬂ' Yi ‘az -0 1)) S [@, 1_y/3P ] . Then,
W(ew 0y = 7T % “Hw yilas (051 e

t=7 y:€Y  y-€

{%,% —Q]. Choose an arbitrary node _ey'T € 9yl x Y. Let’s

fix a for a moment. Since W (a, L0 yT’l) is strictly increasing in wy (’eyt),
vyt e (TPy,y" 1) x YI7THL Wt € Zy 1 ¢ > 7 and bounded from above by
1}[317 U, we can find w (*ey”) = sup {w, (7%'")} by

(w,a):(1),(2),(5) hold after ~fy
solving W (a, wer,~? yT_l) = B —U for wH( Gy”) where wy : wy (_Gyt) =
w, V70 € {(T0y,y ) x YT {07}, ¥Vt € Zy it > 7. Then,

we have % + (@ (') —w) 7 (yelar (YY) = I}BP — U, from where

E(_ey”) = W(y,‘ar(l,gy,,l)) (F:ﬁwp U) + w. Note that ( ﬁ Q) is non-

negative by Assumption 3. Since Yy € Y, 7 (y|.) is continuous in A , compact,

we have that Vy € Y, Ja, € A : 7 (y) = mir}\w (ylay) = 7 (ylay). More-
ay€

over, Y finite, therefore 3y € Y : & := mi}lflﬂ (y) = m(y). Then, we have
ye

m = m(ylag) > 0, where the inequality follows from Assumption 1. By con-
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struction, 7 (y’T|aT (’QyT*I)) > m, therefore @(*ey”) < % (F_}i —Q) +w

Since ~?y™~! was taken randomly, we are done.ll

For V=% € Y, let Q-o, := {(a,w) : (1) and (2') hold after ~%y}.

Proof of Proposition 4: (a) FiX 0y c Y9 Take 7/, 7" € Zy : 7 < 7"
and arbitrary ~%y'7 ! € Y7 x ~fy and ~%y7"-! € Y7'x ~%. Take an
arbitrary V' € {VTI,CQP( Oy'm _1)} Then 3 a contract ¢ = (a’,w’) s.t.
(1),(2),(4),(5),(7) hold after ~®y'™ ' and V;, (c';"y”'*l) — V'. Define ¢ =
(a”,w") s.t. for V05t € ~0y/™" =L yt=m"t e 7, it > 1" al (gt =

! " -~ _ ’ -
CA— (79le ST >7 wi (7)) = W ( OymrioT >, where
’ 12 / 7 N ) )
,Gyl'r +t—T c 76yr -1 X thr +1 . y;/—i-i = Grigis Vi € Z+ - S PR By
: oy . _ " _
Assumption 1 and Proposition 3, V» (c”, 07 1) -V =
A |

= - i YY) -

n=T yr_-n€Y Yy €Y

—a; (TOy*h)] Hw (yilal (y"~')) = 0 and it is straightforward to show that

(1),(2),(4),(5),(7) hold after —?y™ ~1 given the definition of ¢’. Therefore, we
have V' € {VI g2p *eyT”’l . The same argument holds in the other direc-

tion, so we have proven that {VTI,,Czp (’eyTLl)} {VI/,C2P (7‘9317”71) }

Fix %y e Y?. {VIOP (=9)} is bounded given (1), (2) and (5) hold.
Regarding the compactness of {V/¢2F (=9)}, we should also prove that it is
closed. Let’s take an arbitrary convergent sequence {Vi}fil
Vi € {VIC?P (’ey)}, Vi € Zy4 with limit V. We need to show that V. €

ylezp (*Hy)}. By the construction of the sequence, for Vi € Z,,, dc¢; :
(1), (2), (4), (5), (7) hold after ~%y and V(c;,~%y) = Vi. Moreover, by Proposi-
tion 3, (2) holds after ~%y for Vi € Z, . Then, for Vi € Z,, ¢; € Q-0,,. Let’s
endow {2-0, with the product topology. Then, Q-s, is compact as a product
of compact spaces. Therefore, 3 a convergent subsequence {¢;, }roy of {c;}o,

s.t. coo 1= klim (ci,) € Q-0,. Consequently, c, satisfies (1) and (2) after ~%y.
For VT € Zy : T > , et VI(e, %y =
T ¢ A
= XATY X o(w () e (I I (wilai (FOy)).

t=7 y+€Y yTe i—
Note that Vo(e, 0y 1) - VT( Oy =

= £+1 Z Z VT+1 —0 T 1 H,]T yz|az z 1)) c

yr€Y yTEY

Bttt g B VT e 2, T > 7 ve e ooy, V0l e Oy x YT,

V7 € Z. Moreover, V.I'(.,7%y™~!) is continuous on Q-o,. Then, V.(.,”%y™~1)
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is continuous on Q-¢,. Analogously, we can show that U- —9y™1) is contin-

(.
uous on -o,. As a result, we have that c., satisfies (4), (5), (7) after y=¢ and
Vo (coo,_e y) = V.

Following the same logic, we can show that {VTI cap (_Qy"_l)} is time in-
variant and compact and depends only on the last 6 stock price observations
prior to signing.

(b) Analogous to the proof of (a).l

Proof of Proposition 5: Fix ~%y € Y?. By Propositions 2 and 3, I, =
{c:(1),(2),(4),(5),(7) hold} C Q-s,. Let’s endow Q2-s, with a metric inducing
the product topology. Then, following the argument of the proof of Proposition
4, we obtain that I'-s,, is compact and Uy (.,*0 y) is continuous on 24, .H

Proof of Proposition 6: Fix ~%y ¢ Y?. By Proposition 5, we have that
F(a*,w*) 1 (1),(2),(3), (4), (5) hold after ~%y and Uy (a**,w**, "% y) = Uz,
Let V** =V, (a**,w**,_a y) By Proposition 2, V** € {VICQP (K,Q)} and
Ufzy € {U (V**;‘Q y)} Therefore, U’fgy > U’f?y. Suppose Ufey > Uf:;y. Then,
Ve e (VI (Z0y)} - Ux < U (V5,7 Py) < U%,,. Since U (V*,7%y) €
{U(v*,"%y)}, 3(a*,w*) | (1),(2), (4), (5), (7) hold after ~%y, Vj (a*,w*, " y) =
V* and Uy (a*,w*,_e y) =U* (V*,‘e y) Then, by the definition of Uny and
Proposition 2 we have that U*; > U* (V*,_‘g y), i.e. a contradiction is reached.

Consequently, Ufgy = Ufzy and the supremum in the definition of Ufgy is
achieved.ll

For ¥ € Y’ and WV € {VICAP (“0y)} define TIGAP (V) :=
{c 2 (1),(2'), (4), (7) hold after ~?y and Vj (a,w,”y) = V} and G{%“P (V):=
{c € ngjp (V) : U (e,"0y) = UICAP" (v, 70 y)}

Lemma 1: For V% € Y?, Fi%‘;“’ (.) is upper hemi-continuous (uhc) on
{VICAP (<0y)).

Proof: Fix %y € Y? and V € {VI94P (%)} and note that F{%Z‘P (V) is
non-empty and compact. Take a sequence {Vi};’il s.t. V; € {VICAP (_ey)},
Vi € Zyy and V; — V. Let ¢; € TIGM(V;) for ¥i € Zyy. Note that

F{%“P (Vi) C Q-o,, Vi € Zyy with Q-s, compact . Then, 3 a subsequence
{cij }jil of {¢;}io; - ci; j——>>oo c € Q-p,. Since V; (.,’9 yTﬁl) is continuous
on Q-o,, c satisfies (4) and (7) after %y and V; (¢,"y) = V. Therefore, ¢ €
rgar(v).m

Proof of Proposition 7: Fix %y ¢ Y% and V ¢ {VICAP (_ey)}. Take
a sequence {V;}2, s.t. V; € {VICAP (Z9)} Vi€ Zy and V; — V. Let
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¢ € G{%’;‘P (V;) for Vi € Z,,. Define Uf?yAP* ;= lim UICAP" (V;,_ay).

Vi—V
L oo oo Lo . —0,\ _ 7/ICAP~ ;
3 a subsequence {c,j }j:1 of {¢i},2 : jlirgoUo (czj, y) = U,sy . Since
GI_%Y;P () C F{%‘;‘P (.) and F{%V;P () is uhc from Lemma 1, 3 a subsequence

{cijn}zo , of {e;, }jil P, T C with ¢ € F{Q;P (V). Then, U{%AP* -
nh_}m Uy (c% , gy) = U (c,_‘g y) < ylear” (V,_‘9 y) where the first equality

comes from the fact that {Cijn }nm: -

1 j=1
jlin;oUo (ci;,Py) = Uf%AP* , the second follows from the continuity of Uy (., 7% y)

is a subsequence of {cij} and

and the third obtains directly from ¢ € Ff%fp (V) and the definition of
Ul (V,‘e y). Therefore, U (.,_9 y) is usc on {VICAP (_Gy)}.
Regarding the boundedness of Ul (.,*9 y), note that for VV €
{VICAP (Z0)1 e (V,=%y) = Uo (cv, " y) for some cy € F{%AP (V) C
2, with 26, non-empty and compact. Since Uy (.,_9 y) : Q-6 — R is con-

tinuous on a compact set, it is also bounded. Consequently, U rear (.,*0 y) is
bounded on {VICAP (’Gy)}.l

Lemma 2: For V% e Y%, VvV ¢ {VICAP (_gy)}, let ci, = (1), (2), ( )
(7) hold after ~%y, Vo (i, %y) =V and Uy (¢}, %y) = UICAP*( y).
Then, V7% ™1 ¢ =% x Y™, vr € Z,, U, (C%—ey ) =

ICAP*

U (Vr (C*V,fe yrfl) ’79 g)’ where 70g: Tfey‘rfl
Proof: Note that for V7% ™! ¢ —f% x Y7, ¥r € Z,, we have
that Ve (e, %y 1) € {VICAP (=05)} and therefore,

U (V (c*v,_gy ) -0 37) is well defined. Since for 7 = 0, the result
is trivial, fix an arbitrary 7 € Z;, and “%y7"! € % x Y and assume

that the lemma does not hold. Then 3¢ : (1 ), (2"), (4), (7) hold after ~%%,
Vo(d,79) = Vi (cp, %y 1) and Uy (¢,709) > U- (¢~ ey ~1). Let’s con-
struct a  supercontract ¢’ : (af (TOy*1) ,wy (T0y1)) =
(), (O3 1) wl (COFT) L), Y0yt = (Tythy) € OyT x YT
o= g, Wt € Zyy ot > 7, with (af (y'7),w) (y) =

(a;’t (v™) Wy (y')) otherwise. By the definition of ¢}, and the construction
of ¢ we have that ¢’ satisfies (1), (2'), (4), (7) after —ey and Vy (¢, y) =
Vo (d}’—a ) = V. Then, Uo( " —ey) c {Uzcm:( )

U, (¢~ y™) > U, (¢, "0 y™1), we have that Up (¢, ~0y) > Up (i, "),
which contradicts the fact that UO (C*V> ) ~

ICAP*

U (V,"y).m

However, since

The lemma says that at any contingency, the expected discounted utility of
the principal who has signed the ICAP supercontract maximizing his/her utility
at period 0 while guaranteeing the agent particular initial expected discounted
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utility also gives the maximum initial utility the principal can get by signing
a new ICAP supercontract guaranteeing the agent an initial utility equal to
the utility the agent would receive in that contingency under the previous con-
tract. In other words, at the optimum the principal can neither lose nor gain
by breaching the original contract and signing a new one guaranteeing the same
utility stream to the agent.

For V=% € Y% and VVoo, € {VICAP (_‘gy)}7 define F%CAP (ery,_e y) =

{{afey (ery) , W-oy (V*9y7 y) Vi ~0y (ery,y)}yey : (8) — (12) hold}.

ICAP*

Y?. Given the existence of U (Voo,, ™% y), 3 (a-oy,w-0,) : (1), (2), (4

(7) hold after ~%y, Vo (a-o,,w-0,,y) = Voo, and Uy (a-0,,w-0,, % y) :=
U (ery,_‘g y). For vy € Y, let ao, (ery) = ag (_93/)7 W-o, (ery,y) =
W (_‘gy,y), and V. o, (ery,y) =W (afey,wfey, (_‘gy,y)). Then, we im-
mediately have that (11) holds. Moreover, (1) = (8), (2') = (9), (7) =
(10). As in the proof of Proposition 4 (a), for Yy € Y, we can construct

(@ venyy@oinyy) ¢ (DL2).(@)(1) hold after (~*ly,y) and

(_GHQ,ZJ)) = Vi (a-oy, w-0,, (“y,y)), from where we

Proof of Proposition 8: Take an arbitrary V € {VICAP}. Fix 9y €
)

’ /
Vo (Uf—e-u W—_g41

Y5y’ Yy’
have that (12) is satisfied. Furthermore, by Lemma 2 Vy € Y,

Ur (a*"va*eyu (70@/; y)) = UICAP* (Vl (afevafeyv (7€yay)) ’ (76+1y7y)) =

— g (V+ —0y (ery,y) , (*eﬂy,y)), where U7 (.,*9 y) is usc and

bounded from Proposition 7. Then, UICAP* (V_gy’—G y) —

= Uo (a‘gva“’y’_e y) = ZY [ Y - wWo (—e%y) +
ye

+BpUL (a-0y, w0y, (“*y,y))I7m (ylao (*y)) = [y — woo, (Vooy,y) +

€Yy
ICAP*

y
+8pU (Vi =0y (Veoy,y) , (79T 1y,y))]7 (yla-e, (V). Then, by the defini-
tion of T'(.), we have that T-s, (UICAP*>(V ) > Uy (Voo,, " %y).

Since %y and V = {ery (K)}*GyEYB were chosen randomly, the result gen-

ICAP* ICAP*

eralizes to T’ <U ) >U .

Fix an arbitrary V € {VI cap } and ~% € Y% We have demonstrated above
that [LCAP (ery,_g y) # (). Then, since I'1AP (sty,_e y) can be shown to be

ICAP* . . .
compact and U is upper semicontinuous and bounded,
Haro, (Vooy) o, (Vooy,y) Vi o (Vooy,) oy ¢ (8) — (12) hold and
T (U”‘“’*) - y = w, (Ve,y) +
Y (V*By) ygf [ ey( Y )

ICAP*

80" (Ve Ly (Veayew) . (7 1,0) ) (vlats, (V) ). By (12), for vy €
Y, Vi, (Voo,,y) € {VICAP (Z9%1y 4) 1}, from where 3 (cp) = (1), (2, (4), (7)
hold —after  (“%*ty,y), Vo (e, ("7 y.y)) = Vi, (Voo,,y) and
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Uo (¢, (0+1y,y)) = et (V+* oy, (Veoy,y), (*eﬂy,y)). Then, define c** :

(as* (’Qy) ,wh* (*ey,y ) = (afgy (ery) ,wi‘gy (ery,y)), Vy € Y, and
(@ (Fy1) wet (F0yT)) = (@b, (COFT2) wky (COFTY)), VT =
(y Y yr) € (Pyy) x YT i lyT =g, V1 € Zyy, Wy €Y. It is im-
mediate that ¢** satisfies (1), (2), (4), (7) after (“%y,y), Vy € Y. Moreover,
(8) = ay* (T%) € A, (9) = wi* (T, y) € [w, W], Vy € Y. By construction
and (10), we have that (7) holds at ~?y. By (11), we obtain that V; (¢**,7%y)
= Voo, € {VIAP (79}, from where (4) is satisfied at ~?y. Finally, we

have that Uy (¢**,"y) = T (U}, (V;V)). Therefore, T-o,, (UICAP*> c
’ (V_gy)

ICAP* _ ICAP*
(Voo ™9) > T, (U >(v,gy)'

As before, this immediately generalizes to T (UICAP*) > Ut m

{UICAP (V_ey,_9 y)}, from where U

Proof of Proposition 9: (a) Analogously to the proof of Lemma 1, we can
show that for V=% € Y?, I‘%CAP (.) is uhc on {VICAP (_ey)}. Then, following
an argument similar to the proof of Proposition 7, we conclude that T (U) 0 is
usc on {VICAP (_ey) } It is trivial to show that T’ (U)(.) is also bounded.

(b) The result follows by the argument of Theorem 3.3 in Stokey and Lu-
cas (1979), p. 54 since it is trivial that T satisfies the Blackwell’s sufficient
conditions. §

(c) Assume on the contrary that u(ﬁ, Ut ) > 0. We have that

u(U, U’C“‘P*) - ,u(T (ﬁ),T(UICAP*» < Bpu (17, U’c“*), where the

equality follows from the fact that both U and U are fixed points of T'
(the first - by assumption, the second - by Proposition 7) and the inequal-
ity obtains by (b). However, this contradicts Sp € (0,1). Consequently,

" ((7’ UIC’AP*) —0.

(d) Since T maps USCB ({VICAP’“’H} ,R) into itself, the existence of
T (U) is guaranteed for ¥Yn € Zy. Using Proposition 8 and successively
applying (b), we obtain (T” ), u""" ) < By (U, U'rr ) Note that

ICAP*

W (U, U ) < oo since U is bounded by assumption and UICAP* is bounded
by Proposition 7. Therefore, given p € (0,1), the result follows.l

Proof of Proposition 10: Just take U €
{USCBA ({VICAF (=9y)},RU {—oo})},eyeye, —Oy € Y?,
Voo € {VICAP (20} and {V;};2, s.t. Vi € {VICAP (Z0y)}, Vi € Z, and
Vi e Voo If li%nI_oy (U)(v;) = —o0, the result is trivial. If lignz_ey (D) vy >
—0o, we can always extract a subsequence {V };=, of {V;}2, s.t.
T, (U)(V%) > —o0, Yk € Z4 and kllngolfey (U)(Vik) = lignzfey (U)y,)- Since
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Agr (Vik, U, y) #+(,Vk € Z, we can apply the argument used in the proof of
Proposition 7 to obtain limZ -, DNy Loy (U)y,, )N

Proof of Proposition 11: (a) Notice that
UICAP* c {USCB ({VICAP (_Gy)}vR)}fsyeys C
{USCBA ({VIC4AF (%)}, RU {—oo})},eyeyg. Then, directly from the de-
finition of T and T, we have I(UICAP*) < T(UICAP*) = UICAP*, where
the equality follows from Proposition 8. Since Ty, is monotonic for vOy €
Y9, {Di}iez+ is a weakly decreasing sequence of bounded from above usc
functions, therefore 3D, € {USCBA ({VI¢4F (’gy)},RU{—oo})},eyeye :
Dy (Vi) = Do (Vo ~0y), WWea, € {VICAP (S0y)} -0y € ¥0.

(b) First we are going to prove T’ (Do) > Do. Fix ~y € Y? and Voo, €
{VICAP (’ey)}. Let us assume that Dy, (sty,*e y) > —oo because other-
wise the result is trivial. Since Dy, (sty,*e y) is a limit of a weakly de-
creasing sequence, we have that D, (ery,’e y) > —oo, Vi € Zy. Conse-
quently, D; (ery,’e y) > U-s,, Vi € Zy since D; (ery,’e y) < U-sy =
AR (V—ey,Di,_e y) =0 = D;jpq (V—ey,_‘g y) = —oo. This immediately implies
that D, (V_ey,_e y) > U-s,. Moreover, I'p (V—ey,Di_l,_e y) # 0, Vi€ Zyy
since if I'p (ery, D;_q,7? y) = (), we would have D; (ery,_e y) = —o0. Then,
for Vi € Z4 4, since D;_1 is usc and I'p (ery,Di,l,_g y) is compact (trivial
given D, 1 is usc), de; (ery) € T'r (ery, D;_,,7? y)

D, (ery,_e y) = y;/ [ Y — Ci (erwy) +

+BpDi1 (Vi i (Voo ), (T y,9)]m (ylai (Voey,)) > U-s,.* Since for Vi €
/Ay (ery, D;_,7" y) C F{%CAP (ery,_g y) and F%CAP (ery,_e y) is com-
pact, 3 a convergent subsequence of {ci (V*By)};:)i1’ {cik (ery)};ozl, s.t.
Coo (ery) = ler{:Ocik (ery) € F%CAP (ery,_e y) Fix an arbitrary y € Y.

Then, we have D (V+ o0 (V*9y7 y) ) (_6+1y,y))

AV

= jli)I{.loDij_l (V+ 00 (V—By,y) 9 (_H'HIU, y))

> Jim D,y (Vi i, (Vo) (719,9)) =
> jlirgo@Dik—l (Vi i (Voo ) (T 1y,0)) =
= @Dik—l (V+ ik (V*9y7y) ) (79“%9)), where

the first equality follows from {Dij—l};il being a subsequence of a sequence

converging to Do, by (a), the first inequality - from the upper semicontinuity of
D;; 1, the second inequality - from the fact that {D;};2, is weakly decreasing,
hence Di, —1 (Vi i, (Vooy,9) - (T"F1,9)) < Dij—1 (Vi iy (Vooym) - (T ,9)),
vk > 7, and the last equality is trivial. Notice that

D;, 1 (VJr in (erwy) , (79+1y,y)) > U-o+14,, Vk € Z4 4 since by construction

4 Here, I suppress the dependence of ¢; (V_gu) on —?y in order to simplify the notation.
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Ciy, (ery) € FR(ery,Dik,l,_ey) #< 0. Then, we have that
Do, (VJFOO(erwy),(_BHy,y)) > U-o+1,,, from where co (ery) €

FR (V_ey, Doo,76 y) Finally, Ifey (DOO)(V_%) = (‘r/nax)e %[y,
: c(V-o, Y

—0
PRowH (V*‘gy"DC’O' U)

= w(Vey )+ BpDo (Vi (Veoyy) (T"lyy))] 7 (yla (Veoy)) 2

> ;Y [ Y - Weo (V-ay,) +
0D (Veoo (Ver ), ()l (lase (V) 2 Tm Sl

7wi7’“(v"’y’y) + BpDi—1 (Vii (Vooy,9) (79+1yvy))h (ylai, (V-o,)) =
= lilgnDi,c (ery,*e y) = Dy (ery,’a y), where the first equality follows from
the fact that ' (ery, Do, ? y) is non-empty, Dxo (eryfg y) > U0y, D is
usc and I'g (sty, Do, 7? y) is compact, the first inequality - from cs (ery) €
I'r (ery, Dy, ? y), the second inequality - by using the result obtained earlier
by developing for D, (V+ 0o (ery, y) , (*eﬂy, y)), the following equality - by
construction, and the last equality - by construction and (a).

To conclude the proof, we need to show that T (Du) < Doo. Fix _9y cey?
and Voo, € {VICAP (Z0y)1  If T, (DOO)(V,%) = —o0, the result is triv-

ial, so assume I_gy(Doo)(v ),) > 0= Ag (Vooy, Do, y) # 0. From
Yy

(a), we have that for Vi € Zy, Dy, < D;, from where Ar (erwDoofe y) C

AR (ery,Di,*e y), Vi € Zy. Then, for Vi € Zy,

LooyDoo)v, )y = c(‘r/rfj)e y%:y v —  w(Vee,y) 4+

AR(V_gy,D(x,,*ey)
+B8pDoo (Vi (Voy,y) (7" 1y,))Im (yla (Veoy)) - < max Y [y-
c(V,gy)G yey
AR(V—9y=Div_9y)
—w (Veoyy) 4 BpDi (Vi (Veoyy) , (T 1y,w))Im (yla (Vsy ) =
=D;1 (eryj@ y) Consequently, T, (DOO)(V,%) < ilLI?ODHl (V,gy’—é’ y) -
Do (V—ey,_g y)

(c) Let D" € {USCBA ({VI4F (“%) },RU{~00})} g cyo : L (D) = D".
No‘f that 3D € {USCB ({VvI°AF (_ey)},R)}feyew : D > D'. Consequently,
T (D) =T (D') > D', where the first inequality follows from the monotonicity of
T', while the second comes from 7' > T and the fact that T (D) = D'. Repeating
the argument, we obtain 7™ (D) > D’ for Vn € Z,.. Then, by Proposition 9 (d)
we have that U'CAP" = lim T, U (ﬁ) > D', where the convergence is in terms

n—oo

of p. Fix %y € Y% and Voo, € {VI94P (%)}, By the monotonicity of T,
we have D; = T" (UICAP") > T"(D') = D', Vi € Z.. Therefore, Do > D'.R

Lemma 3: T (ﬁ*) > U*.
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Proof: (Adapted from the first part of the proof of Proposition 8) Fix an ar-
bitrary ~y € YO, If Voo, € {VICAP (Z0y) W{VIC2P (=0y)}, U (Voo,, % y) =
-0 and the result is trivial. Therefore, take
Voo, € {VI€2F (=0y)}. Then, U (Veoy,™y) = U* (Vooy, % y). Given the ex-
istence of U* (V-0,,7y), we have that Jc: (1 ), (2), (4), (5), (7) hold after ~%y,
Vo (c,‘e y) = V.o, and Uo( -0 ) U*( i y) By Proposition 3, we
have that (2') holds. For Vy € Y, let a (V- ) = ag (%), w(Voe,,y) =
wo (“%,y) . Vi (Voo,,y) == Vi (e, ( v, y))- Then we immediately have that
(11) holds. Moreover, (1) = (8), (2') = (9), (7) = (10). For Vy € Y, we can
construct ¢ o (1),(2),(4),0),(7) hold after (“°Tly,y) and
Vo (c’, (*Hly,y)) =W (c, (*ey,y)), from where we have that V, (ery,y) S
{viezp (_9+1y,y)} c {vicAr (_9+1y,y)}, i.e. (12) holds. From (5), we have
U* (ery,_e y) > U-o,. Furthermore, by slightly modifying the argument of
Lemma 2, we have that Vy € Y, U* (Vi (Voop,y), (T%yy)) =
U* (V1 (c, (’Gy, y)) , (’eﬂy,y)) = U (c, (’Gy, y)) Then, (5) =
U* (Vi (Veoy,y) (CTy,9)) > U-vsay,, Yy € Y. Finally, U* is usc (by the
argument used in the proof of Proposition 7 given the qualifications stated in
the proof of Proposition 10) and bounded from above. Then, by the definition

of T, we have that T, (U*>(V )2 U (Voo,, 0 y). M

Lemma 4: I(ﬁ*) < U*.

Proof: (Adapted from the second part of the proof of Proposition 8)
Take % e YO If Voo, € {VICAP (ZO))\{VIO2P (70y)},
U* (Voe,, ?y) = —oo and by the definition of T we have T 0, (U*)(V ) =

—o0. What remains is to prove the result on {VI92” (=%)}. Fix an arbi-
trary Voo, € {VICQP (_ey)} and note that U* (er -0 ) =U~ (ery,_e y) >

U-s,. If T, (ﬁ*)(v ) S < U-s,, the result is trivial. Therefore, assume
—0,
T (ﬁ*) > U_y,. Then, T_, (ﬁ*) = max > ly—
A\, 75 ) T e e

FR(V,gy,ﬁ*ﬁ%)
cw(Vays) 4 B0 (Vi (Vas) (gg))ln (la (Vo)) with
I'r (ery,(?*,_‘g y) # (. Given U* is usc and I'r (ery,ﬁ*,_a y) is compact,
3c* (Vooy) = (8) — (12) hold, U* (Vi (Vooy,y), (O 'y,y)) > U-viry,, Yy €Y
and T, (U*)(V = >y - w* (ery,y) +

_"y) yey
BpU™ (Vi (Veoyy) . (1 y,9))Im (yla™ (Vo). By (12), Vi (Veo,y) €

{VICAP( O+1y, y)} which together with U* (V* (Ve 7y),( 041y )) >
U-oi1,, implies that Vi (Voey,y) € {VIOF(70Fy )} Slnce
U (Vi (V_ey,y),(_g"'ly,y)) = U (V3 (Veoy,9), (T 1yp9)), 3y = (1), (2),
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(4), (5), (7) hold after (~"'y,y), Vo(c, (T y,y)) = Vi (Voey,,y)
and Up (¢, (T 1y,y)) = U* (Vi (Vooy,y), ("%'y,y)). Note that this
is  true for Vy € Y. Then, define  ¢** :
(aé* (’gy) ,wh* (*ey,y)) = (a* (ery) ,w* (ery,y)), Vy € Y, and
(az* 79y771) W (79yr)) _ (a;’Pl (70§772) Wl (79@%72’%71))’

VO = (Tly ) € (Pyy) X YT i lyT =T VT €Zyy, Wy €Y.

It is immediate that ¢** satisfies (1), (2), (4), (5), (7) after (“y,y), Vy € Y.
Moreover, (8) = aj* (“%) € A4, (9) = wi* (“%,y) > w, Vy € Y. By con-
struction and (10), we have that (7) holds at ~%y. By (11), we obtain that
Vo (c**,’e y) = Vo, € {VIC2P (’ey)}, from where (4) is satisfied at —%y.

Furthermore, we have that Up (¢**,"%y) = T, (ﬁ*)(v ) > U-s,. There-

fore, T, ([7*) € {UICQP (ery,_e y)}, from where U* (ery,_e y) =

(V=0,)
U (Vooy, 0 y) > Too, (ﬁ*)(u .

Proof of Proposition 12: From Lemmas 3 and 4.1

Proof of Proposition 13: Since U+ €
{uscBA (ivlCAP (~%y)}.RU {foo})}_eyeyg, by PrOpOSitiO/I\ls 11 (c) and 12
we obtain U* < D.. What remains to be shown is that U* > D.. Fix
9y ¢ VY and Voo, € {yIcAP (_Qy)}. If Dy (eryfe y) = —00, the result
is trivial; therefore, assume D, (ery,_‘g y) > —o0. Then, Dy (ery,_e y) =
= T 0, (Dso = max - w(Voe,, +

Loy (Do) (v, ) R y;y[y (Vooy,y)
FR(V*G?;’DOO’iey)
+B8pD (V+ (ery,’y) , (’6+1y, y))]ﬂ (y\a (ery)) with ' (sty, Do, ? y) non-
empty and Dy (ery,*e y) > U-s, since otherwise we would have
D (ery,_g y) = —o00. Since Dy is usc and 'y (ery,Doo,_g y) is com-
pact, we have that Hc*_gy (ery) cI'r (sty,Doo,_g y) s.t. To, (DOO)(V )=
Ty

= X [y—w (Vooy,y) + BpDeo (Vi (Vooyy) , (T w,y))] 7 (yla* (Vosy)).

yey
Note that from D, (ij (ery,y) , (_9+1y,y)) > U-os1y,, Yy €Y, we
have Do (Vi (Voay,y), (797 1y,y)) = Tot1yy (DOO)VI(Vfay,y) -
= max Sl = w(VE(Veeyy)y) +

Cfgyvy(V;f(ery,y))E y'ey
FR(VI(V_Hy’y)’Dx’(70+1y'y))

+ BpDos (Vi (Vi (Veoy,y),y') s (" 2y,9/))Im (¥ la (Vi (Vooy,y)))  with

I'r (V+* (V_sy,y) , Doo, (*oﬂy,y)) nonempty, so the previous analysis applies.

Proceeding in this way, we can construct a supercontract c s.t.

a, (—er—l) - ai9y771 (Vi T (V*va_e yv'—l))7 W, (—Oy‘r) =

w o (VET (Veo,, 0y 1) Jyr), V07 = (T97 L y,) € PyxY ™ xY,Vre

y
Zy,where Vi 7 (ery,_e yT_l) =V ..oVt (o) (ery,_e y), T € Z4 and

+ (yr-1)
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Vi O (Vo 0) = Voo with Vi ) (V.00 1) =i o (V.5), i€ Y,
YV e {VICAP (i=0yt=1) 1y =bytml e =0y i v Vt € Zy. We immediately

have (8) = (1) and (9) = (2). By (11), V; (c, _9 =V (Veey,, 0y,
VOl e Py x Y7, ¥r € Z, since by (12) (% (Ve, —) €
{VICAP (T_gyT_l)} and is therefore bounded, while V ( ) is bounded

given (8) and (9). In particular, Vg (¢,”%y™~')=V_s,. Then (10) (7). Fur-
thermore, V; (c,_eyT_l) {VICAP (T Oym= 1)} vV~ 0 y e yxYT,VreZ,
implies that (4) holds. We albo have that Ur (¢, %y =
Doo (Vi Voo, Py™ 1) 770y 1), vyt € Py x Y7, Vr € Z; since
U- (¢,"%y™!) is bounded given (8) and (9) and Dy (.,”?y"!) is bounded

T—OyT—1cy?® ﬁe{vICAP(7'79yT71)}
defined by Proposition 7 and Y finite) and from below by U. In particular,
Uo (¢,7%y) = Do (V-0,,"%y). Then, (5) is satisfied at any node. There-
fore, Vo, € {VICQP (_Qy)} and D (ery,_‘g y) S {U(ery,_‘g y)} Then,
U* (Vooy, Py) =U* (Voo %y) > Dog (Voo y) M

from above by  mazx max {UICAP* (‘7,7_‘9 yT_l) } } (well

Lemma 5: {VICAP} CcB ({VICAP}).

Proof: Let V € {VICAP}. Fix an arbitrary %y € Y?. By Voo, €
{VICAP (0,)1 3c: (1), (2), (4), (7) hold after ~%y and V (w,a,~y) = Voo,
By construction V-o, € [K_e ,V]. For Vy € Y, let a-o, (ery) = ag (_ay),

Yy
—oy (ery,y) = wy (*ey,y), and Vi -, (sty,y) =01 (c, (*ey,y)). Given
these choices, we immediately have that (11) holds. Moreover, (1) = (8), (2') =
(9), (7) = (10). Note that for ¥y € ¥, {VICAP (=0+1y 1) 1n [V | ,+oo) _

TTOHly Ly
{VICAP (_9+1y, y) } Since for Yy € Y we can construct a supercontract cj, : (1),
(2), (4), (7) hold after (~1y,y) and Vj (¢, (" y,y)) = Vi (e, (“y,9)),
we have that (12') is satisfied. Therefore, Voo, € B ({VI4” (=%y)}). Since
~%y € Y? was chosen randomly, this generalizes to V € B ({V/“47}) R

The lemma establishes that {VI cap } is self-generating in the terminology
of Abreu, Pearce and Stacchetti (1990).

Lemma 6: Assume W = {ery}
Y9 Then, B(W) C {VICAP},

oyeyo PO F Weoy C Boay (W), vy €

Proof: Let the condition of the Lemma hold and take V' E B (W). Fix an
arbitrary ~%y € Y. Since V-0, € Bfey (W), Jc-o, (V-s,) : (8)-(11) and (12')
hold. By (12 Jand W_,, CB_,., (W) we obtaln that V —e, (Voo,,y) €
B .., (W). Then, vy E Y, Hc( oy (Vi —oy (Vooy,9)) :(8)-(11) and (12')
hold. Proceeding this way, we can construct a supercontract c : a, (*eyT’l) =
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a—oyrr (VI (Veoy, ™ y7™71)), wr (T07) o= woyrn (VI (Voo ™0y 1) ),
vy = (_GyT_17yT) € Py xY" xY,Vr € Z,, where Vi (ery,_e yT_l) =
Vi gy © -0 Vi ) (ery,_e y), T € Z4 and Vf (ery,_a y) = Voo, with

Vi gy (V0y' ) o= Vi oy (V.5), W5 € Y, WV € {VIOAP (01},
v=Oyt=t € =0y xY? Vt € Z, . By construction, (8)-(11), (12') hold at V=fy¢~! ¢
0y x YT, s € 7 and Ve (e, 0y -
- VJ: (V*9y77Q nyl) = lim ﬂAT Z Z [VT+T (waaayTJrTil)

T—oo Yr+T-1€Y Yy, €Y
T4+T—-1

VJ:JFT (V*9y>_9y7+T_l)] H W(yi|ai (yT_l)) = 0 In particular,

i=T

Vo (¢,7%y) = Voo,. At every node, we have (8)=(1), (9)=(2), (10)=(7). For
every node, but ~%y, (12') implies (4). Since V-0, € B-o, (W) C [Kfeyﬂ/}],

(4) also holds at ~%y. Therefore, V-0, € {VI¢AP (=)}, which generalizes to
Ve{vicari m

The lemma says that the image of every nonempty, self-generating set is a
subset of {VICAP}.

Proof of Proposition 14: (a) By Assumption 3 and Lemma 5, we have
that the condition of Lemma 6 holds. Therefore, we obtain B ({VICAP}) C
{VI cap }, which together with Lemma 5 implies the result.

(b) It follows by Lemma 6.1

Lemma 7: Assume W' = {Wﬁs } and W' = {Wﬁ’g }
Y] —oyecye Y) —oyecye
: W, ¢ W, CR, V=% € Y% Then, B-o,(W') # 0 = B-s, (W) C

Y

B_o, W),V yeY?.
Proof: Trivial.l

Lemma 8: Assume W = {W’ey}*eere : Woey CR compact, Vly e Y.
Then, B-o, (W) # 0 = B-os, (W) compact, V~y € Y?.

Proof: Let the condition of the Lemma hold and assume B-o,, (W) # () for
some ~%y € Y?. Note that B-s, (W) C {Kfey, XA/} C R is bounded by definition.

We should also show that it is closed. Take an arbitrary convergent sequence
{Vitiez,, : Vi € B-oy (W), Vi € Zyy with V; — V. We need to prove that
) 1—00

Voo € B-o, (W). By construction, we have that for Vi € Z,, V; € [Kfey, ‘7}
and 3¢ : (8) — (11), (12') hold for V;. By V; € [z_gy,f/], Vi € Zoy, we
obtain Vi € [z_ey,f/] By (8),(9),(12) and {VICAP (=0)} ¢ [z_gy,ﬂ c

{Z, YA/] C R,V % € Y% we have that {c;} is uniformly bounded, therefore

1€24 +
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3 a subsequence {c;, };cz, , of {ci} PCi T2 Coor We immediately have

1€Z4 4 oo
that co satisfies (8)-(11) for V. Finally, since (12') is satisfied for Vi € Z
and {VI9AP (=0y) 1 is compact by Proposition 4 (a) for V=% € Y, we also
have that (12') holds for c...H

Proof of Proposition 15: For V% € Y? and Vi € Z,, denote by
W; (*ey) the element of W; corresponding to initial history ~%y. By the condi-
tion of the Proposition and Assumption 3, we have that () # {VICAP (*gy)} C
Wo (*Qy) C R, V"% € Y? Since by Proposition 14 (a) and Assumption 3,
B, ({vIeAPy) = {VICAP (Z0)1 £ 0, V=% € Y, we can apply Lemma 7
to obtain () # {VICAP (“9)} c W, (%) C R, V=% € Y?. Using Wi C Wy
and repeating the argument, we reach {VICAP} C Wiyr C Wi, Vi € Z4
Then, {Wi}ieZJr is a sequence of non-empty, compact (by Lemma 8 since W)

compact), monotonically decreasing (nested) sets; therefore it converges to
We = r% W; D {VICAP} with Wo, compact. What remains to be shown is
1€l4

that W4, C {VICAP}. By Lemma 6, it is enough to show that W, C B (W).

Let V € W,. This implies that V € W;, Vi € Z,. Fix an arbitrary ~%y € Y.

We have that Jc; (Voo,) :(8)-(11), (12') hold for V-s,. By (8), (9), (12') and
: _9 _0 . . . .

W; ( y) c Wy ( y) C R, Vi € Z,, we have that {cz (V’ey)}z‘em is unligrmly

bounded; therefore, 3 a subsequence {cik (V"’y)}kem()f {ci (V’gy)}iem

ci, (Vooy) . Coo (Vo). It is immediate that co (V-o,) satisfies (8)-(11)

for V-s,. Moreover, V, (sty,y) >V o11,,, Vy €Y. We also need to show
that for Vy € Y, Vi o (Vooy,y) € W (?Ty,y). Fix an arbitrary y € Y
and assume, on the contrary, that Vi - (V_ey,y) ¢ Woo (_9+1y,y). Since

Woo (_6+1y7y) - ier%+Wi (‘g“y,y) - kemZJrWik (_0+1y’y)’ we have that 3" €

Zy i Vi oo (Vooy,y) € Wi, (T°Ty,y). Furthermore, {Wik'}kez+
be a monotonically decreasing (nested) sequence, from where V ;, (V-o,,y) €
Wi, C Wi, ("%"'y,y), Vk € Zy : k > K. Since W;,, (79T1y,y) is closed and
Vi, (Vooy,y) o Vi (Vooy,y), we obtain that Vi o (Voe,,y) €
Wi, (’eﬂy,y), i.e. a contradiction is reached. This proves V o (ery,y) €
Weo (T91y,y), Yy € Y. Consequently, (12) holds for ¢ (V-0,,). Finally, note
that V-e, € {Z_ey, ‘A/} follows immediately from V-, € Wy (7). Therefore,

V-0, € B-o, (Ws), which generalizes to V € B (W, ).l

was shown to

For VW = {W-o,}, vo + Weoy € R, V0 € YO let B'(W) =

{B',@y (W)}_e with BL,, (W) := {V-o, € [K,ey,ﬂ S ey (Vooy) : (8)-

(11) and (12”) hold}, where (12”) is defined as Vy —o, (V-o,,y) € Wooi,
Lemma 9: Take W/} := {W] (*ey)},eyew with W§ (%) = [Kfey,f/],

V7l €YY and let W/, := B' (W/) for Vi € Z.. Then, W/, C W/, Vi € Zy
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and W, := lim W/ = {VvI04P}

Proof: We have that W is compact and {V/¢4P} c W/ RN’ Note that
for YW c RN’ B-o, (W) #0, B-o,, (W) C B, (W). Then, by Lemma 7 and
Proposition 14 (a), we obtain {VI¢AP} ¢ B(W{) C B’ (W}). Using the same
arguments plus the monotonicity of B’ (trivial), we have {VI¢AF} c W/, Vi e
Z. Moreover, by construction B’ (W{) C W{. Then, the condition B (W}) C

W} is satisfied. Observe that for V=% € Y? W] (79y) = {ery € {Kfey, ‘A/]
Je (Vo) (8)-(11), (127)} = {Vio, € [z,sy,ﬂ 2 3e (Vo) (8)-(11), (12)} =
B, (W{) since, by construction, W{(~%*ly,y) N [V ,+oo) =

Tty
W§ (T ty,y), Yy € Y. Furthermore, by W{ C W/ and the monotonicity of
B', we obtain W;,; C W/, Vi € Z;. Then, it is trivial that W/ , = B (W}).
Therefore, Proposition 15 applies to {W/},_,.1

K3

and let Wy, = B (W) for Vi € Zy. Then, W; = W!, Vi € Z,.

Lemma 10: Let V and {Wi};ez, be defined as in Lemma 8. Take Wy := W,

Proof: Assume W, ; = W/_, for some i € Z;;. Then, W1 C W by
Lemma 8. Consequently, for V=% € Y?, W, (%) c W (%), i.e. W, C w!.
Fix %y € Y% and let V € W/ (~%). By Lemma 8, W] C W/_, = W;_, from
where V € W;_, (~%y). Then, V € B, (Wi_1>. Since %y and V were chosen
randomly, we obtain W/ C Wi

We have that WO = W{ by definition and have just shown that Wi,l =
W/_, would imply W; = W/; therefore, by induction we obtain that W; = W/,
VicZ, .M

Proof of Proposition 16: From Lemmas 9 and 10.H
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APPENDIX 2

Table 1
State Space of the Optimal ICAP Contract

Case 1 2
[ I I ]
LLL -3.1325 843.0178 | -3.1325 29.4635 | -3.1325 22.4035
Y(1) -1.4325 843.0178 | -1.4325 29.4635 | -1.4325 22.4035
LLM  y) | -1.4325 843.0178 | -1.4325 29.4635 | -1.4325 22.4035
Ye3) | 0.0000 843.0178 | 0.0000 29.4635 | 0.0000  22.4035
Yy | 0.8075 843.0178 | 0.8056  29.4635 | 0.8050  22.4035
LLH  y@) | 0.8075 843.0178 | 0.8056 29.4635 | 0.8050  22.4035
Yy | 36725 843.0178 | 3.6725 29.4635 | 3.6725 22.4030
Yy | -0.1425  843.0178 | -0.1460  29.4635 | -0.1461  22.4035
LMM gy | 0.0000 843.0178 | 0.0000 29.4635 | 0.0000  22.4035
ye3) | 0.0000 843.0178 | 0.0000 29.4635 | 0.0000  22.4035
yay | 0.8275  843.0178 | 0.8182  29.4635 | 0.8280  22.4035
LMH gy | 0.8200 843.0178 | 0.8200 29.4635 | 0.8200  22.4035
Y3y | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.4030
yay | 3.3575 843.0178 | 3.3635 29.4635 | 3.3632  22.3724
LHH  yey | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.3783
Y3y | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.3783
MMM 0.0000 843.0178 | 0.0000 29.4635 | 0.0000 22.4035
yay | 0.8100 843.0178 | 0.8100 29.4635 | 0.8100  22.4035
MMH  yz) | 0.8100 843.0178 | 0.8100 29.4635 | 0.8100  22.4035
Yz | 36725 843.0178 | 3.6725 29.4635 | 3.6725 22.4030
Yy | 3.3600  843.0178 | 3.3594  29.4635 | 3.3592  22.3623
MHH  y) | 3.6725 843.0178 | 3.6725 29.4635 | 3.6725  22.3703
Y3 | 36725 843.0178 | 3.6725 29.4635 | 3.6725 22.3703
HHH 3.6725 843.0178 | 3.6725 29.4635 | 3.6725 22.4001

Table 2

Effects of Changing the Minimum Reservation Utility of the Principal

(LLL, case 1)

g | 0 \ 5 \ 10

w 1145.5526 1010.7817 876.0108

1% 843.0178 791.6873 736.8045
{vieAPY | [-3.1325, 843.0178] | [-3.1325, 791.6873] | [-3.1325, 736.8045]
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